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expressions to ﬁnd the amplitude ratios for all the three cases of P-wave incidence, SV-wave
incidence and thermal wave incidence have been developed. However the ratios of ampli-
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in the three models of thermoelasticity. The variations of the amplitude ratios with initial
stress in G–L model have also been shown.
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The theory of thermoelasticity is a fusion of the theory of heat conduction and the theory of elasticity that deals with the
effect of heat on the deformation of elastic solid and also with the inverse effect, the effect of deformation on the thermal state
of solid. The classical theory of thermoelasticity is based on the parabolic type heat conduction equation. When a homoge-
neous isotropic elastic solid is subjected to a thermal disturbance, the effect is felt instantaneously at places far away from
the source, but this inﬁnite speed of propagation of thermal wave is a physically unacceptable result. During the last three
decades, non classical theories of thermoelasticity have been formulated, which use hyperbolic type heat conduction equation
admitting ﬁnite speed of thermal wave propagation. Among the hyperbolic theories of thermoelasticity formulated so far, the
extended thermoelasticity (ETE) and the temperature-rate dependent thermoelasticity (TRDTE) are the earliest. Brief ac-
counts of themain aspects of the two theories can be found in the paper by Chandrasekharaiah [1]. The concept of generalized
thermoelasticity covers a wide range of extensions of classical dynamical coupled thermoelasticity, which includes the Lord
and Shulmon [2] model, Green and Lindsay [3] model, Green and Naghdi [4–6] model. In L–S [2] model the Fourier law of heat
conduction equation is replaced by a more generalized Maxwell–Cattaneo law and introduces a single relaxation time into
consideration. In G–L [3] model the constitutive relations for the stress tensor and the entropy are generalized by introducing
two different relaxation times. In the 1990s Green and Naghdi [4–6] proposed three new thermoelastic theories based on en-
tropy equality rather than the usual entropy inequality. The constitutive assumptions for the heat ﬂux vector are different in
each theory. Thus, they obtained three theories and are usually referred as thermoelasticity of type I, thermoelasticity of type
II and thermoelasticity of type III. When the type I theory is linearized, the classical system of thermoelasticity is obtained. The. All rights reserved.
52244296.
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Nomenclature
U(x,y, t) displacement component along x-axis
V(x,y, t) displacement component along y-axis
T(x,y, t) incremental change of temperature
T0 initial uniform temperature in absolute scale
k, l Lame’s constants
at coefﬁcient of linear thermal expansion
c a thermal parameter = (3k + 2l)at
j thermal conductivity of the medium
q density of the medium
Ce speciﬁc heat per unit mass at constant strain
464 M.C. Singh, N. Chakraborty / Applied Mathematical Modelling 37 (2013) 463–475type II theory is a limiting case of type III and does not admit energy dissipation. A detailed account of other thermoelasticity
theories can be found in the paper of Hetnarski and Ignaczak [7].
The purpose of the present paper is to study the effect of initial stress on thermoelastic wave propagation. Initial stresses
develop in the medium due to various reasons, and it is of paramount interest to study the effect of these stresses on the
propagation of elastic waves. A lot of systematic studies have been made on the propagation of elastic waves.
The general equation of reﬂection and refraction of elastic waves at a plane half-space was ﬁrst derived by Knott [8]. Sub-
sequently this was developed by Jeffreys [9], Gutenberg [10] and many others. Biot [11] showed the considerable effect of
initial stress on the propagation of elastic waves. Deresiewicz [12] and Beevers and Bree [13] studied the reﬂection problems
in linear coupled thermoelasticity without considering initial stress in the medium. Dey and Addy [14] considered the effect
of initial stress on the reﬂection of waves at the solid half-space. Sinha and Elsibai [15] investigated the reﬂection of ther-
moelastic waves from the free surface of a solid half-space in the context of these theories. Abd-Alla and Al-Dawy [16] dis-
cussed reﬂection of SV-waves in a generalized thermoelastic medium. Singh [17] considered the reﬂection and transmission
of plane waves in some other medium. Sharma et al. [18] also discussed the reﬂection of generalized thermoelastic waves.
Kumar and Sarthi [19] discussed the problem of reﬂection and refraction of thermoelastic plane waves at an interface
between two thermoelastic media without energy dissipation. Othman and Song [20] discussed the problem of reﬂection
of plane waves from an elastic solid half-space under hydrostatic initial stress without energy dissipation. Othman and Song
[21] studied the reﬂection of magneto-thermoelastic waves with two relaxation times and temperature dependent elastic
moduli. Singh [22] studied the effect of hydrostatic initial stresses on waves in a thermoelastic solid half-space. Abd-Alla
and Alsheikh [23] showed the effect of the initial stresses on the reﬂection and transmission of plane quasi-vertical trans-
verse waves in piezoelectric materials. Chakraborty and Singh [24] in a recent paper studied the effect of initial stress on
the reﬂection and refraction of thermoelastic waves at solid–solid interface.
In this paper reﬂection and refraction of thermoelastic waves at solid–liquid interface under initial stress have been stud-
ied using three models and a comparative analysis has been shown.
2. Deﬁnition of the problem
We consider a linear, homogeneous, isotropic thermoelastic solid half-space M, under initial stress, having a non-viscous
liquid half-space M0 over it. Both the media are at uniform absolute temperature T0 in the undisturbed state. When aFig. 1. Geometry of the problem.
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wave, SV-wave and thermal wave in the solid medium M and refracted P-wave and thermal wave in the liquid medium M0
(Fig. 1). We would derive the expressions for the ratios of the amplitudes of the three reﬂected components and two trans-
mitted components to that of incident P-wave, SV-wave and thermal wave.3. Formulation of the problem
We consider a ﬁxed rectangular Cartesian coordinate system oxyzwith origin ‘o’ on the plane interface at y = 0 and negative
y-axis pointing normally into the solid medium, which is thus represented by y < 0. Since we consider a two-dimensional
problem, we restrict our analysis to plane strain parallel to oxy-plane. Hence all the ﬁeld variables depend only on space coor-
dinates x, y besides time t and are independent of coordinate z.
For easy reference we follow a convention: all quantities in the solid medium M are represented unprimed whereas cor-
responding quantities in the liquid medium M0 are represented as primed.
3.1. Basic equations
(1) The dynamical equations of motion for a plane strain under initial compressive stress in absence of heat source and
body forces are given by Biot [11],@s11
@x
þ @s12
@y
 P @-
@y
¼ q @
2U
@t2
;
@s12
@x
þ @s22
@y
 P @-
@x
¼ q @
2V
@t2
; ð1Þwhere s11, s22, s12 are incremental stress components, produced due to deformation. The ﬁrst two are principal stress com-
ponents and the last one is shear stress component. P = (S22–S11), S11 and S22 are the two normal initial stress components
along x-axis and y-axis respectively. - ¼ 12 @V@x  @U@y
 
, is the magnitude of local rotation.
(2) The stress-strain relations with incremental isotropy are given by Biot [11],s11 ¼ ðkþ 2lþ PÞexx þ ðkþ PÞeyy  c T þ t1 @T
@t
 
;
s22 ¼ kexx þ ðkþ 2lÞeyy  c T þ t1 @T
@t
 
;
s12 ¼ 2lexy; ð2Þ
where exx, eyy are the principal strain components, exy is the shear strain component and t1 is the second relaxation time.
(3) The incremental strain – components are given by Biot [11],exx ¼ @U
@x
; eyy ¼ @V
@y
; exy ¼ 12
@V
@x
þ @U
@y
 
: ð3Þ(4) The modiﬁed heat conduction equation isjr2T ¼ qCe @T
@t
þ t0 @
2T
@t2
 !
þ T0c @
@t
@U
@x
þ @V
@y
 
þ t0dij @
2
@t2
@U
@x
þ @V
@y
 " #
; ð4Þwhere t0 is the ﬁrst relaxation time and dij is Kronecker delta.
3.2. Solution of the problem
Using Eqs. (2) and (3), in Eq. (1) we get,ðkþ 2lþ PÞ @
2U
@x2
þ kþ lþ P
2
 
@2V
@x@y
þ lþ P
2
 
@2U
@y2
¼ q @
2U
@t2
þ c @T
@x
þ t1 @
2T
@t@x
 !
; ð5aÞ
ðkþ 2lÞ @
2V
@y2
þ kþ lþ P
2
 
@2U
@x@y
þ l P
2
 
@2V
@x2
¼ q @
2V
@t2
þ c @T
@y
þ t1 @
2T
@t@y
 !
: ð5bÞTo separate the dilatational and rotational components of strain, we introduce displacement potentials / and w deﬁned by
the following relations:U ¼ @/
@x
 @w
@y
and V ¼ @/
@y
þ @w
@x
: ð6Þ
466 M.C. Singh, N. Chakraborty / Applied Mathematical Modelling 37 (2013) 463–475From Eqs. (5a) and (6), we get the following equations:r2/ ¼ qðkþ 2lþ PÞ
@2/
@t2
þ cðkþ 2lþ PÞ T þ t1
@T
@t
 
; ð7aÞ
r2w ¼ qðkþ P=2Þ
@2w
@t2
: ð7bÞFrom Eqs. (5b) and (6), we get,r2/ ¼ qðkþ 2lÞ
@2/
@t2
þ cðkþ 2lÞ T þ t1
@T
@t
 
; ð7cÞ
r2w ¼ qðl P=2Þ
@2w
@t2
; ð7dÞwherer2 ¼ @
2
@x2
þ @
2
@y2
:In absence of initial stress, these four equations in set (7) reduce to two equations only, as in classical theory of elasticity.
Using Eq. (6) in (5a) and simplifying, Eqs. (7a) and (7b) are obtained by integrating partially with respect to variables x
and y respectively. Similarly using Eq. (6) in (5b) and simplifying, we get (7c) and (7d) by integrating partially with respect
to variables y and x respectively. Therefore Eqs. (7a) and (7c) involving scalar potential / represent dilatational waves along
x-axis and y-axis respectively while Eqs. (7d) and (7b) involving vector potential w, represent rotational waves along x-axis
and y-axis respectively. We consider Eqs. (7a) and (7d), which represent dilatational and rotational waves, in terms of poten-
tials / and w propagating along x-axis.
Using Eq. (6) in (4), we get,jr2T ¼ qce @T
@t
þ t0 @
2T
@t2
 !
þ T0c @
@t
ðr2/Þ þ dijt0 @
2
@t2
ðr2/Þ
" #
: ð8Þ3.2.1. Solution using G–L model
In Green–Lindsay theory t1 > t0 > 0 and dij = 0, so the Eqs. (7a) and (7d) can be rewritten as,r2/ ¼ 1
c21
@2/
@t2
þ c
qc21
T þ t1 @T
@t
 
; ð9aÞ
r2w ¼ 1
c22
@2w
@t2
; ð9bÞwhere c21 ¼ kþ2lþPq and c22 ¼ lðP=2Þq . c1 and c2 represent the velocities of isothermal dilatational and rotational waves respec-
tively in medium M.
Using G–L theory, Eq. (8) can be written as,jr2T ¼ qce @T
@t
þ t0 @
2T
@t2
 !
þ T0c @
@t
ðr2/Þ
 
: ð10ÞEliminating ‘T’ from Eqs. (9a) and (10), we obtain a fourth order differential equation in terms of / as,c23r4/ ð1þ eTÞ
@
@t
þ t0 þ eT t1 þ c
2
3
c21
 
@2
@t2
" #
r2/þ 1
c21
1þ t0 @
@t
 
@3/
@t3
¼ 0; ð11Þwhere c23 ¼ jqce and eT ¼
T0c2
q2Cec21
, is the thermoelastic coupling constant in medium M.
We seek the solutions for /, w and T in the form/ ¼ f ðyÞ exp½ikðx ctÞ; ð12aÞ
w ¼ gðyÞ exp½ikðx ctÞ; ð12bÞ
T ¼ hðyÞ exp½ikðx ctÞ; ð12cÞwhere c =x/k is the phase velocity, x is the circular frequency and k is the wave number.
Since Eq. (12a) is a solution of Eq. (11), it must satisfy Eq. (11). Putting Eq. (12a) in (11), we get,
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dy4
þ 2k2 þ k
2c2
c23
t0 þ eT t1 þ c
2
3
c21
 
þ ikc
c23
ð1þ eTÞ
" #
d2f
dy2
þ k4  k
4c2
c23
t0 þ eTt1 þ c
2
3
c21
 
þ ik
3c3
c21c
2
3
ð1 ikct0Þ  c
2
1
c2
ð1þ eTÞ
 " #
f ¼ 0: ð13ÞEq. (13) being a fourth order differential equation in f(y), the solution gives four values of f(y) and Eq. (12a) becomes/ ¼ A1 expðikm1yÞ þ A2 expðikm1yÞþA3ðikm2yÞ þ A4 expðikm2yÞ
 
exp½ikðx ctÞ: ð14Þwhere m1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2c2  1
p
; m2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2c2  1
p
,p2; q2 ¼ 1
2c21c
2
3
c21ðt0 þ eTt1Þ þ c23 þ
ið1þ eTÞc21
x
	 


ﬃﬃﬃﬃ
N
p 
;
N ¼ c21ðt0 þ eT t1Þ þ c23 þ
ið1þ eTÞc21
x
 2
 4 ið1 ixt0Þc
2
1c
2
3
x
ð15ÞUsing Eq. (12b) in (9b), we get,d2g
dy2
þ k2 c
2
c22
 1
 
g ¼ 0: ð16ÞEq. (16) suggests that the solution yields two values of g(y), and Eq. (12b) can be written asw ¼ ½A5 expðikm3yÞ þ A6 expðikm3yÞ exp½ikðx ctÞ; ð17Þ
wherem3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2=c22
  1q : ð18ÞThe constants Ai(i = 1,2,3,4,5,6) in pairs represent the amplitudes of incident and reﬂected thermal, P- and SV-waves
respectively.
Using Eqs. (14) and (12c) in Eq. (9a), we get the value of h(y) and using that value of h(y), Eq. (12c) becomesT ¼ q
cs
b1fA1 expðikm1yÞ þ A2 expðikm1yÞg
þb2fA3 expðikm2yÞ þ A4 expðikm2yÞg
 
exp½ikðx ctÞ; ð19Þwheres ¼ ð1 ixt1Þ; b1 ¼ x2 1 q2c21
 
and b2 ¼ x2 1 p2c21
 
: ð20Þ
Setting l = P = 0 in Eqs. (1)–(4) we obtain the basic equations for a non-viscous liquid medium in absence of body forces and
using them, we get displacement equations and temperature ﬁeld equation, valid for the liquid medium M0. The equations
are as follows:k0
@2U0
@x2
þ k0 @
2V 0
@x@y
¼ q0 @
2U0
@t2
þ c0 @T
0
@x
þ t01
@2T 0
@t@x
 !
; ð21Þ
k0
@2V 0
@y2
þ k0 @
2U0
@x@y
¼ q0 @
2V 0
@t2
þ c0 @T
0
@y
þ t01
@2T 0
@t@y
 !
; ð22Þ
j0r2T 0 ¼ q0C 0e
@T 0
@t
þ t00
@2T 0
@t2
 !
þ T0c0 @
@t
@U0
@x
þ @V
0
@y
  
: ð23ÞThe primes have been used to designate the corresponding quantities in the liquid medium M0 as already been deﬁned in
case of solid medium M.Taking U0 ¼ @/
0
@x
and V 0 ¼ @/
0
@y
; ð24Þ
we get;r2/0 ¼ 1
c021
@2/0
@t2
þ c
0
q0c021
T 0 þ t01
@T 0
@t
 
; ð25Þ
j0r2T 0 ¼ q0C 0e
@T 0
@t
þ t00
@2T 0
@t2
 !
þ T0c0 @
@t
ðr2/Þ
 
; ð26Þwhere
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k0
q0
:Solving Eqs. (25) and (26) and proceeding exactly in a similar way as in solid mediumM, we get the appropriate solution for
/0 and T0 as/0 ¼ A02 exp ikm01y
 þ A04 ikm02y   exp½ikðx ctÞ; ð27Þ
T 0 ¼ q
0
c0s0
b01A
0
2 exp ikm
0
1y
 þ b02A04 exp ikm02y   exp½ikðx ctÞ; ð28Þ
where s0 ¼ 1 ixt01
 
; m01 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q02c2  1
p
; m02 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p02c2  1
p
p02; q02 ¼ 1
2c021 c
02
3
c021 t
0
0 þ e0Tt01
 þ c023 þ i 1þ e0T
 
c021
x
	 


ﬃﬃﬃﬃﬃ
N0
p 
;
N0 ¼ c021 t00 þ e0Tt01
 þ c023 þ i 1þ e0T
 
c021
x
 2
 4 i 1 ixt
0
0
 
c021 c
02
3
x
; ð29Þ
and b01 ¼ x2 1 q02c021
 
; b02 ¼ x2 1 p02c021
 
: ð30Þ
The constants A02 and A
0
4 represent the amplitudes of refracted thermal and P-waves respectively.
3.2.2. Solution using L–S model
In Lord–Shulman model, t1 = 0, t0 > 0 and dij = 1. Using these in the basic Eqs. (1)–(4) and solving them as in G–L model, we
get the solutions for /, w, T, /0 and T0 in the same form as in the Eqs. (14), (17), (19), (27) and (28), respectively, withm1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2c2  1
p
; m2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2c2  1
p
; m3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc2=c22Þ  1
q
; m01 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q02c2  1
p
;
m02 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p02c2  1
p
and s ¼ s0 ¼ 1; where
p2; q2 ¼ 1
2c21c
2
3
c21ð1þ eTÞt0 þ c23 þ
ið1þ eTÞc21
x
	 


ﬃﬃﬃﬃ
N
p 
;
N ¼ c21ð1þ eTÞt0 þ c23 þ
ið1þ eTÞc21
x
 2
 4 ið1 ixt0Þc
2
1c
2
3
x
;
p02; q02 ¼ 1
2c021 c
02
3
c021 1þ e0T
 
t00 þ c023 þ
i 1þ e0T
 
c021
x
	 


ﬃﬃﬃﬃﬃ
N0
p 
;
N0 ¼ c021 1þ e0T
 
t00 þ c023 þ
i 1þ e0T
 
c021
x
 2
 4 i 1 ixt
0
0
 
c021 c
02
3
x
: ð31Þ3.2.3. Solution using CT model
In classical dynamical coupled theory i.e. CT model, t0 = t1 = 0 and dij = 0. In this model the solutions for /, w, T, /0 and T0
are in the same form as in the Eqs. (14), (17), (19), (27) and (28), respectively, with m1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2c2  1
p
; m2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2c2  1
p
; m3 ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2=c22
  1q ; m01 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq02c2  1p ; m02 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp02c2  1p and s = s0 = 1, wherep2; q2 ¼ 1
2c21c
2
3
c23 þ
ið1þ eTÞc21
x
	 


ﬃﬃﬃﬃ
N
p 
; N ¼ c23 þ
ið1þ eTÞc21
x
 2
 4 ic
2
1c
2
3
x
;
p02; q02 ¼ 1
2c021 c
02
3
c023 þ
i 1þ e0T
 
c021
x
	 


ﬃﬃﬃﬃﬃ
N0
p 
; N0 ¼ c023 þ
i 1þ e0T
 
c021
x
	 
2
 4 ic
02
1 c
02
3
x
" #
: ð32Þ4. Boundary conditions
(1) Normal displacement is continuous at the interface, i.e. V = V0. This leads to @/
@y þ @w@x ¼ @/
0
@y .
Using Eqs. (14), (17) and (27) in the above continuity relation, we get,m1A1 m1A2 þm2A3 m2A4 þ A5 þ A6 m01A02 m02A04 ¼ 0: ð33Þ
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This leads to @/
@x  @w@y ¼ 0.
Using Eqs. (14) and (17) in the above boundary condition, we get,A1 þ A2 þ A3 þ A4 m3A5 þm3A6 ¼ 0: ð34Þ
(3) Normal force per unit initial area must be continuous at the interface i.e. rfy ¼ rf 0y. This leads to s22 ¼ s022.
Using Eqs. (2), (3) for mediumMand their corresponding equations for mediumM0 we get, with the help of Eqs. (6) and
(24),k
@2/
@x2
þ ðkþ 2lÞ @
2/
@y2
þ 2l @
2w
@x@y
 c T þ t1 @T
@t
 
¼ k0 @
2/0
@x2
þ k0 @
2/0
@y2
 c0 T 0 þ t01
@T 0
@t
 
:Substituting Eqs. (14), (17), (19), (27) and (28) in the above equation, we get,ð2þ bÞ þ c2 1
c22
 bq2
  
ðA1 þ A2Þ þ ð2þ bÞ þ c2 1c22
 bp2
  
ðA3 þ A4Þ þ ð2þ bÞm3ðA5  A6Þ
 q 1þm23
 
A02 þ A04
  ¼ 0; ð35Þwhere q⁄ = q0/q and b ¼ P=qc22.
(4) Tangential force per unit initial area must vanish at the interface i.e.rfx = 0.
This leads to (s12 + Pexy) = 0.
Using Eqs. (2), (3), (6), (14) and (17) in the above equation, we get,m1ðA1  A2Þ þm2ðA3  A4Þ  12 m
2
3  1
 ðA5 þ A6Þ ¼ 0: ð36Þ
(5) Temperature must be continuous at the interface i.e T = T0.
Using Eqs. (19) and (28) and simplifying, we get,1 q2c21
 ðA1 þ A2Þ þ 1 p2c21 ðA3 þ A4Þ  qcs 1 q02c021
 
A02 þ 1 p02c021
 
A04
  ¼ 0; ð37Þ
where c⁄ = c0/c and s⁄ = s0/s.
5. Equations for the reﬂection and refraction coefﬁcients
To consider the reﬂection and refraction of a thermoelastic plane wave which is incident at the solid–liquid interface at
y = 0 making an angle h with the y-axis, we have three different cases.
Case I: For P-wave incidence, we put c = p1 cosec h and A1 = A5 = 0.
Case II: For thermal wave incidence, we put c = q1 cosec h and A3 = A5 = 0.
Case III: For SV-wave incidence, we put c = c2 cosec h and A1 = A3 = 0.
Generalizing, we get a system of ﬁve non-homogeneous equations for a thermoelastic plane wave incident,X5
i¼1
aijzj ¼ yi; ðwhere j ¼ 1;2 . . .5Þ; ð38Þwhere a11 ¼ m1; a12 ¼ m2; a13 ¼ 1; a14 ¼ m01; a15 ¼ m02; a21 ¼ a22 ¼ 1; a23 ¼ m3,a24 ¼ a25 ¼ 0; a31 ¼ ð2þ bÞ þ c2 1c22
 bq2
  
;
a32 ¼ ð2þ bÞ þ c2 1c22
 bp2
  
; a33 ¼ ð2þ bÞm3; a34 ¼ a35 ¼ q 1þm23
 
;
a41 ¼ m1; a42 ¼ m2; a43 ¼ 0:5 m23  1
 
; a44 ¼ a45 ¼ 0; a51 ¼ 1 q2c21
 
;
a52 ¼ 1 p2c21
 
; a53 ¼ 0; a54 ¼  q

cs
1 q02c021
 
; a55 ¼  q

cs
1 p02c021
 with s⁄ = 1 for L–S model and CT model only.
zj (where j = 1,2. . .5) are the ratios of amplitudes of reﬂected thermal, P-, SV-waves and refracted thermal, P-waves to
that of incident wave respectively.
For the three particular cases, we get,
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A4
A3
; z3 ¼ A6A3 ; z4 ¼
A02
A3
and z5 ¼
A04
A3
:
(II) For incident thermal wave: y1 ¼ a11; y2 ¼ a21; y3 ¼ a31; y4 ¼ a41; y5 ¼ a51; z1 ¼ A2A1 ; z2 ¼
A4
A1
; z3 ¼ A6A1 ;
z4 ¼ A
0
2
A1
and z5 ¼ A
0
4
A1
.
(III) For incident SV-wave: y1 ¼ a13; y2 ¼ a23; y3 ¼ a33; y4 ¼ a43; y5 ¼ a53; z1 ¼ A2A5 ; z2 ¼
A4
A5
; z3 ¼ A6A5 ; z4 ¼
A02
A5
and
z5 ¼ A
0
4
A5
.
Eq. (38) constitute a matrix equation asFig. 2.
three dAZ ¼ Y; ð39Þ
whereA ¼
a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55
2
6666664
3
7777775
; Z ¼
z1
z2
z3
z4
z5
2
6666664
3
7777775
; Y ¼
y1
y2
y3
y4
y5
2
6666664
3
7777775
:6. Numerical results and discussion
For numerical analysis of the expressions derived in the previous section, we have used the data for crust as solid medium
following Choi and Gurnis [25] and water as liquid medium.
For solid mediumM: k = 30  109 Nm2, l = 30  109 Nm2,a = 1.0667  105 k1, Ce = 1100 J Kg1 K1,q = 2900 Kg m3,
j = 3 Wm1 K1.
For liquid medium M0: k0 = 20.4  109 Nm2, a0 = 69  106 k1, C0e ¼ 4187 J Kg1 K1, q0 = 1000 Kg m3,
j0 = 0.6 Wm1 K1 .(a) (b)
(c)
Variation of the modulus of amplitude ratio of reﬂected (a) Thermal wave [Z1], (b) P-wave [Z2] and (c) SV-wave [Z3] with angle of incidence (h) in
ifferent thermoelastic models with tensile initial stress (n = 0.5).
M.C. Singh, N. Chakraborty / Applied Mathematical Modelling 37 (2013) 463–475 471Following Nayfeh and Nasser [26], we have taken t0 ¼ 3j=qCec21 and t00 ¼ 3j0=q0C0ec021 while t1 and t01 have been taken to be
of the same order (about 1.5 times) of t0 and t00. We have chosen the angular frequency of thermoelastic wave
x = 7.5  1013 s1 and initial uniform temperature T0 = 300 K.
Moreover to show the variation of the amplitude ratios with angle of incidence for different values of initial stress present
in the solid medium, we introduce the initial stress parameter n = P/2l in dimensionless form. To evaluate the matrix ele-
ments aij pertaining to the solid medium, we calculate c21; c
2
2 and b in terms of n (in Appendix).
To solve the matrix Eq. (39), a computer programme, using MATLAB Software, has been developed and ratios of the ampli-
tudes of the reﬂected and refracted waves to that of incident wave for different angle of incidence have been calculated.
Numerical computations have been done in two steps: (1) For different thermoelastic models using a particular value of(a) (b)
Fig. 3. Variation of the modulus of amplitude ratio of refracted (a) Thermal wave [Z4] and (b) P-wave [Z5] with angle of incidence (h) in three different
thermoelastic models with tensile initial stress (n = 0.5).
(a) (b)
(c)
Fig. 4. Variation of the modulus of amplitude ratio of reﬂected (a) Thermal wave [Z1], (b) P-wave [Z2] and (c) SV-wave [Z3] with angle of incidence (h) in
three different thermoelastic models with compressional initial stress (n = 0.5).
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following graphs the results are shown with P-wave incidence only. In Figs., subscript ‘T’ or ‘C’ with the modulus of ampli-
tude ratios (zj) indicate the tensile or compressional initial stress respectively.
6.1. Comparison of different models
In Figs. 2–5, amplitude ratios in the three different models have been compared, keeping initial stress parameter same i.e.
n = +0.5 (tensile) or 0.5 (compressional).
6.1.1. Initial stress is tensile in nature
We observe that in all the three models of generalized thermo elasticity, the nature of variation is more or less similar in
nature. From Fig. 2, we ﬁnd that the amplitude ratios of the reﬂected waves decrease with increase in angle of incidence. The(a) (b)
Fig. 5. Variation of the modulus of amplitude ratio of refracted (a) Thermal wave [Z4] and (b) P-wave [Z5] with angle of incidence (h) in three different
thermoelastic models with compressional initial stress (n = 0.5).
(a) (b)
(c)
Fig. 6. Variation of the modulus of amplitude ratio of reﬂected (a) Thermal wave [Z1], (b) P-wave [Z2] and (c) SV-wave [Z3] with angle of incidence (h) for
different initial tensile stress in G–L model.
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a minimum at h = 30 and 35 respectively in L–S and G–L model, while CT model shows a gradual decrease (Fig. 2(b)). The
amplitude ratio of the reﬂected SV-wave on the other hand shows a maximum at h = 40 in the CT, 50 in the L–S and 60 in
the G–L model (Fig. 2(c)). Since the magnitude of the maximum amplitude ratio of the reﬂected SV-wave is much smaller
than that of reﬂected P-wave and thermal wave, it is concluded that when P-wave is incident, P- and thermal waves are
strongly reﬂected and SV-wave is weakly reﬂected.
Since SV-wave does not propagate in the liquid medium, only thermal and P-waves are refracted in the upper medium.
The amplitude ratios of both these waves fall sharply up to h = 40 in L–S and G–L model both, and then decrease linearly
with increasing h (Fig. 3(a) and (b)). In CT model, the amplitude ratios of the refracted waves decrease slowly.
6.1.2. Initial stress is compressional in nature
The scale factor of the amplitude ratios shown for L–S model in Figs. 4, 5 has been chosen to be 101 for convenient shape
of graph. For compressional stress, the amplitude ratios of reﬂected thermal and P-waves both show a conspicuous peak at(a) (b)
Fig. 7. Variation of the modulus of amplitude ratio of refracted (a) Thermal wave [Z4] and (b) P-wave [Z5] with angle of incidence (h) for different initial
tensile stress in G–L model.
(a) (b)
(c)
Fig. 8. Variation of the modulus of amplitude ratio of reﬂected (a) Thermal wave [Z1], (b) P-wave [Z2] and (c) SV-wave [Z3] with angle of incidence (h) for
different initial compressional stress in G–L model.
Fig. 9. Variation of the modulus of amplitude ratio of refracted (a) Thermal wave [Z4] and (b) P-wave [Z5] with angle of incidence (h) for different initial
compressional stress in G–L model.
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waves fall sharply from maximum at h = 10 to nearly zero at h = 35. In CT model, the amplitude ratio of the reﬂected ther-
mal wave decreases slowly for 0 < h6 50, and then decreases rapidly approaching zero at h = 90. The amplitude ratio of the
reﬂected P-wave shows a maximum at h = 50 (Fig. 4(a) and (b)). The amplitude ratio of the reﬂected SV-wave shows a peak
at h = 15 in L–S model and at h = 40 and 55 respectively in G–L and CT model (Fig. 4(c)).
In CT model, for 0 < h 6 50 while the amplitude ratio of the refracted thermal wave decreases slowly, that of the re-
fracted P-wave increases and thereafter they both rapidly decrease to zero at h = 90 (Fig. 5(a) and (b)). In L–S model, the
amplitude ratios of the refracted thermal wave and P-wave fall sharply from maximum at h = 10 and h = 5 respectively
up to h = 40 and then gradually become zero at h = 90. In G–L model, the amplitude ratios of the refracted thermal wave
and P-wave show a peak at h = 40.
Comparing the magnitude of the amplitude ratios, it is found that refraction coefﬁcients of the thermal and P-waves are
much greater than the reﬂection coefﬁcients of the same waves and is true for both the cases of initial stress, tensile and
compressional.6.2. Effect of initial stress
In Figs. 6–9, the variations of amplitude ratios with the angle of incidence have been compared for different constant val-
ues of initial stress parameter, both tensile and compressional, using G–L model as sample.6.2.1. Initial stress is tensile
The amplitude ratio of the reﬂected thermal wave initially decreases up to h = 45 and the maximum value is lower when
the stress parameter is more (Fig. 6(a)). The amplitude ratio of the reﬂected P-wave is minimum at h = 40 and maximum at
h = 65when n = 0.3 and 0.5. The maximum is at h = 75when n = 0.1 (Fig. 6(b)). The amplitude ratio of the reﬂected SV-wave
shows a maximum at h = 75, 60 and 60 for n = 0.1, 0.3 and 0.5 respectively (Fig. 6(c)).
The amplitude ratios of the refracted thermal and P-waves both are higher for higher values of n till h < 40, but after that
it is lower for higher values of n (Fig. 7(a) and (b)). The variation is similar for both thermal and P-waves.6.2.2. Initial stress is compressional
The nature of the graphs is just the reverse of the previous case i.e. when stress is tensile. In this case higher is the value of
n, higher is the amplitude of the reﬂected wave. The amplitude ratios of the reﬂected thermal wave, P-wave and SV-wave all
show peak at h = 40, 50 and 60 corresponding to n = 0.5, 0.3 and 0.1 respectively (Fig. 8(a)–(c)).
Similarly the amplitude ratios of the refracted thermal wave and P-wave both show peaks at h = 40, 50 and 60 corre-
sponding to n = 0.5, 0.3 and 0.1 respectively (Fig. 9(a) and (b)).7. Conclusion
From the comparative studies of the graphs, it can be concluded that reﬂection and transmission of thermoelastic waves
under initial stress are almost identical in the three different models of generalized thermoelasticity. Only a slight difference
in the magnitude of the amplitude ratios occurs. For different values of angle of incidence and initial stress, the reﬂection and
refraction coefﬁcients also change their values. These results may provide some useful information regarding the presence of
liquid layers such as oil, water etc. inside earth’s crust and may have immense value for experimental seismologists and
geologists.
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Appendix
We represent c21; c
2
2 and b in terms of initial stress parameter n ¼ P2l as follows:c21 ¼
kþ 2lþ P
q
¼ 2l
q
1þ nþ k
2 l
 
;
c22 ¼
l ðP=2Þ
q
¼ l
q
ð1 nÞ;
b ¼ P
qc22
¼ Pðl ðP=2ÞÞ ¼
2n
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